Introduction
As rotating machinery is designed to operate at higher mechanical efficiency; operating speed, power, and load are increased as weight and dimensional tolerances are decreased. The result is a significantly increased level of operating stress in modern rotating machinery. As a consequence, many practical rotordynamic systems contain shaft/rotor elements that are highly susceptible to transverse cross-sectional cracks due to fatigue. To accurately predict the response of a system to the presence of a transverse crack, an appropriate crack model is essential. Once the crack is included in the system model, unique characteristics of the system response can be identified and attributed directly to the presence of the crack. These predicted indicators then serve as target observations for monitoring systems.
A significant amount of research involving the prediction of the response of shaft/rotor systems to the presence of a transverse crack, and the detection of transverse cracks in rotating shafts by vibration monitoring, has been completed in the last 30 to 40 years. This work is an extension of a body of research focused on a flexibly mounted rotor ͑FMR͒ mechanical face seal system ͓1͔. The dynamics of the FMR mechanical face seal system have been extensively investigated ͓2-5͔. In Ref. ͓2͔ the coupled dynamics of the seal and shaft is investigated including effects of shaft inertia and slenderness, fluid film, secondary seal, flexibly mounted rotating element, and an axial offset of the rotor center of mass. The steady-state response was investigated by implementing a complex extended transfer-matrix method. In Ref. ͓3͔ an experimental correlation is investigated between the presence of higher harmonic oscillations in the test rig system and seal face contact. The dynamics behavior of the FMR seal itself was investigated in Refs. ͓4͔ and ͓5͔. Seal failure, diagnostics, control, and eventual performance restoration are extensively discussed in Refs. ͓6-10͔. To achieve these goals it is imperative that failure characteristics of seal and shaft are well differentiated. The influence of a crack in a seal-driving shaft is the concern of this work.
An uncracked shaft has constant stiffness, and thus constant displacement under a fixed load, regardless of the angle of rotation. In a cracked shaft, the cracked portion of the cross section is not capable of supporting a tensile stress. Therefore the displacement, as a function of the stiffness, is minimum when the crack is closed and maximum when the crack is open. This opening and closing behavior, which is referred to as ''breathing,'' results in time-dependent stiffness coefficients in the equations of motion of the system, which is difficult to work with. Obtaining solutions usually requires making broad simplifying assumptions or some type of numerical approximation.
Systems in which static displacements and vibrational amplitudes remain very small result in a crack that remains essentially open regardless of the angle of rotation. This type of crack, which is essentially a local stiffness asymmetry, is referred to as a ''gaping'' crack. The analysis of systems containing a gaping crack is extremely useful since the response characteristics, or crack indicators, identified in the gaping crack analysis are also present in the analysis of systems containing a breathing crack. Furthermore, these indicators prove to be the most practical, in terms of implementation, in the detection of real cracks. Also, since the introduction of a crack into a rotating system, on the most basic level, results in a system with a stiffness asymmetry, the analysis of systems containing an asymmetry is fundamental to the study of the dynamics of cracked rotating systems.
The primary effect of the presence of a crack in a rotating shaft is clearly a local reduction in stiffness. This highly localized effect does not influence the stiffness of the regions of the rotor away from the cracked cross section. Regardless of the type of crack model used for analysis, the effective overall stiffness of the rotor is no longer symmetric. The analysis of the response of a rotor with designed-in asymmetry is therefore part of the fundamental basis for the analysis of the dynamics of shafts containing a transverse crack.
A free response of a two degree-of-freedom rotor with asymmetric moments of inertia ͓11͔ shows a range of shaft speeds in which the response is unstable. The appearance of a region of instability near the first natural frequency is confirmed in Ref.
͓12͔, as well as the 2X harmonic response in an analysis of a linearly asymmetric shaft. In Ref. ͓13͔ the 2X resonance is also predicted at approximately one-half of the first natural frequency. An intuitive explanation for the existence of a region of instability and a 2X harmonic response in shafts with dissimilar moments of inertia is given in Ref. ͓14͔ . It is important to note that for rotating systems, the terms ''natural frequency'' and ''whirl frequency'' are synonymous. Also, the term ''critical speed'' refers to a shaft speed for which one or more of the natural ͑whirl͒ frequencies of the system are equal to the shaft speed. Therefore the maximum 2X harmonic response occurs at shaft speeds that are approximately one-half of a critical speed, i.e., 1 2 n cr . In Ref. ͓15͔ a practical ''hinge model'' is developed that represents the crack as an additional flexibility in the direction perpendicular to the crack edge, for positive displacements in that direction. Similar displacement based breathing crack models have been utilized in Refs. ͓12, 13, [16] [17] [18] [19] Ref. ͓20͔ the opening and closing of the crack is modeled as a step type function of the angle of rotation only. Other similar step and 1/rev continuous functions of the angle of rotation have been used to model the breathing behavior of the crack in Refs. ͓16 -18,21-28͔.
The complicated system models resulting from the inclusion of a breathing crack model have been solved or approximated by a variety of methods. Analog computer simulations ͓12,15͔, Ritz basis functions based on the asymmetric solution ͓16͔, and numerical integration ͓13,17,18,20͔ have been used. Various transfer-matrix methods were employed as well ͓19,23,29͔. Floquet theory stability analysis is performed in Refs. ͓21,27,30͔, and perturbation methods are utilized in Refs. ͓24,25͔.
The most significant result of the analysis of systems containing breathing crack models that is relevant to this work is the fact that the response characteristics due to a breathing crack model consist of the primary response characteristics of an asymmetric system plus some additional phenomena, in form of sub or higher harmonics ͓20,21,24,25,30-34͔. The direction of the investigations into the response of rotating systems containing breathing crack models tends to focus on the 1X and 2X harmonic responses ͓17,23-25,33,34͔.
On the most basic level the introduction of a gaping crack results in a local system stiffness asymmetry that is time independent in a rotating coordinate frame. The additional flexibility introduced to the system by the presence of the crack is determined by methods such as finite element analysis or the Paris strain energy method ͓21,30͔. The localization of the stiffness asymmetry is the key in this analysis.
In Refs. ͓21,30,33,34͔ the overall stiffness properties for their two and three degree-of-freedom systems is determined by conveniently placing the crack at the mid-span of the De-Laval rotor system. To arbitrarily place the crack at some location along the shaft in the system model, it is convenient to utilize a discrete representation of the system, such as a transfer-matrix method ͓29͔. The presence of a gaping crack in the shaft of a rotating system tends to primarily affect the 1X synchronous response, and the 2X harmonics, which has a resonance at 1 2 n cr . In summary, the introduction of a gaping crack model into an existing system model has been shown to be a very effective method of obtaining reasonably accurate results from analysis, yet it avoids the inherent complexities of cracked shaft analysis due to breathing behavior. A discrete representation of the system allows the additional flexibility due to the crack to be placed arbitrarily along the axis of the shaft of the system. The 2X harmonic component of the system response is clearly the most practically implemented indicator for a monitoring and detection system. This work utilizes a global asymmetry crack model in a continuous representation of the system as well as a gaping crack model in a discrete representation of the system using a unique extended transfer-matrix formulation ͓2͔. The theoretical analyses focus on the prediction of the behavior of the 2X component of the system response. For each crack model, free and forced response characteristics are investigated.
Global Asymmetry Crack Model
A shaft into which a transverse crack is introduced experiences a reduction in stiffness which, depending on the relative dimensions of the crack, can be quite small or quite large. As a first approximation we consider a shaft whose entire cross section isrepresented by the remaining uncracked cross section. Thus the resulting shaft is assumed to have an asymmetric cross section over its entire length. This is referred to as a global asymmetry crack model, which is the worst case in terms of the amplitude of the resulting response characteristics. ͑Such an analysis is useful by itself since many rotor dynamic systems contain designed-in asymmetric components.͒
In Fig. 1͑a͒ the cross section of an overhung massless shaft with an attached rotor ͑which is a reasonable representation of the test rig system that is detailed in Ref. ͓35͔͒ is shown to include a transverse crack. Figure 1͑b͒ shows the same system including the global asymmetry crack model, which is essentially an asymmetric Euler-Bernoulli beam. Equations of motion for this system are derived in a rotating frame to avoid time-dependent stiffness coefficients. The XY Z coordinate system rotates with the shaft, at shaft speed n, and is oriented such that the X axis is perpendicular to the crack edge. The relationship between the rotating XY Z coordinate system and the inertial coordinate system is shown in Fig. 2 
where X, Y, ␥ X , and ␥ Y are displacements and tilts about the X and Y axes, respectively, m is the mass or the rotor, n is the shaft speed, I p and I t are the polar and transverse moments of inertia of the rotor, and k i j are stiffness elements, which are determined in the Appendix. Since in the tested system the mass of the shaft is significantly less than the mass of the rotor, it is neglected. The effects of internal energy dissipation in the free response analysis are negligible. Therefore internal damping will be incorporated into the equations of motion for the forthcoming forced response analysis. Equation ͑1͒ forms a system of coupled linear ordinary differential equations including gyroscopic effects, where ͕F͖ is a vector of generalized applied forces.
Undamped Free
Response. The goal of the free response analysis is to obtain the system eigenvalues, which are the natural, or whirl, frequencies. The homogeneous form of the matrix equation of motion given in Eq. ͑1͒ has the general form
where ͓M͔, ͓C͔, and ͓K͔ are inertia, ''damping'' ͑i.e., Coriolis and gyroscopic effects͒, and stiffness matrices, and ͕S͖ is the generalized vector of displacements. The system is conveniently expressed in a state-variable form by defining the following ͓A͔ and ͓B͔ matrices:
The system expressed in state-variable form is then given by
where ͕Ŝ ͖ is the state vector of the displacements and tilts and their first derivatives, which is given by
For this state vector form the state matrix is formed by ͓A͔ Ϫ1 ͓B͔. The eigenvalues and eigenvectors, or whirl frequencies and mode shapes, are then obtained, corresponding to the state vector expressed in the rotating XY Z frame. For monitoring purposes the absolute whirl frequencies are of interest since the monitoring system is typically fixed in the inertial coordinate frame. The absolute whirl frequencies, , i.e., the eigenvalues expressed in the inertial frame, can be obtained from
where 0 is the relative whirl frequency, and n is the shaft speed.
Since the state matrix, ͓A͔ Ϫ1 ͓B͔, is 8ϫ8, four conjugate pairs of eigenvalues are obtained. The eigenvalues are purely imaginary since damping or dissipation effects are neglected in this free response analysis.
In rotordynamics, the sign of the frequency is meaningful due to the fact that shaft whirl can occur with a negative sense, opposing the direction of shaft rotation, or a positive sense, in the direction of shaft rotation. The proper sign can be assigned to the magnitude of each eigenvalue pair which yields forward or backward whirl according to the analysis detailed in Ref. ͓35͔. The relative whirl frequencies resulting from the analysis, 0 , are assigned the appropriate direction and the absolute whirl frequencies are obtained from Eq. ͑6͒. Figures 3 show the whirl frequencies as a function of shaft speed for simulated crack depths ranging from 0-40% of the shaft diameter. The ''ϫ'' symbols along the horizontal axis of Fig. 3 indicate shaft speeds for which one or more of the eigenvalues has a positive real part, i.e., shaft speeds for which the response is unstable. This instability is solely due to an asymmetric cross section of a purely elastic shaft ͑recall that internal damping has been neglected in this section͒ ͑see also Refs. ͓11,12,14͔͒. Two reference lines are also plotted in each of the figures. The intersection of the ϭn line with the locus of whirl frequencies indicates shaft speeds which are equivalent to a whirl frequency, i.e., primary (1X) critical speeds. The intersection of the ϭ2n line with the locus of whirl frequencies indicates shaft speeds which are one-half of a whirl frequency, i.e., secondary (2X) critical speeds.
When operating at a secondary critical speed, the 2X component of the response of the system is occurring at a natural frequency of the system, and will therefore exhibit a resonance behavior. It is at these 2X critical speeds that the 2X response is expected to be maximum. Comparing the predicted shaft speeds at which the 2X resonance occurs for various crack depths clearly shows a decrease in the natural frequencies of the system due to the presence of the crack. This change in the system natural frequency is due to the reduction in system stiffness resulting from the crack. The predicted 2X resonance shaft speeds for the global asymmetry crack model are given in Table 1 .
Damped Forced Response.
The gravity forced response of the system model containing the global asymmetry crack model is fundamentally important when considering crack detection. The resulting 2X harmonic response is the most reliable and widely used indicator of crack existence.
Energy dissipation effects are included in this analysis in order to observe the influence of the introduction and propogation of the simulated crack on the magnitude of the system response at 2X resonance shaft speeds. The equivalent viscous damping coefficients are incorporated into the matrix equation of motion by defining a new damping matrix, ͓Ĉ ͔, according to
where ͓C͔ is the matrix which contains the Coriolis and gyroscopic effects, and the ͓D͔ matrix contains the equivalent viscous damping coefficients. The damping matrix ͓D͔ is given by
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Here average stiffness elements are used so that d i j X and d i j Y are equal. It is necessary to construct the complex equations of motion in the following analysis. The equation of motion, including internal damping, has the form
The equations of motion are derived in the shaft-fixed XY Z coordinate frame. The direction along which gravity acts, which is a stationary vector along the axis of the inertial coordinate frame, can be represented by a vector that is rotating with a negative sense in the XY Z frame. Therefore the forcing function resulting from gravity has the form
where m is the mass of the rotor, g is the gravitational acceleration and n is the shaft speed. The vector of forces that is now included in the right-hand side of the equations of motion ͓Eq. ͑1͔͒ is then given, in the rotating XY Z coordinate frame, by
The equations of motion are then combined by defining the following complex variables for the displacement and tilt :
ϭ␥ X ϩi␥ Y .
The resulting complex equations of motion are 
where the ''*'' denotes the complex conjugate of the variables in Eqs. ͑12͒ and ͑13͒, and
To solve this system of equations, solutions of the following forms are chosen for the displacement , and tilt :
where A, B, C, and D are arbitrary complex numbers. These solutions are substituted into Eqs. ͑14͒ and ͑15͒ and the complex coefficients A, B, C, and D are determined. Recalling that the displacement and tilt in the rotating XY Z coordinate frame are given by Eqs. ͑16͒ and ͑17͒, the displacement u and tilt ␥ in the inertial coordinate frame are obtained according to
The displacement and tilt expressed in the inertial coordinate frame are of interest since the experimental data provided by the monitoring system is also obtained in the inertial coordinate frame ͑according to Ref. ͓35͔͒. From Eqs. ͑16͒-͑19͒ it is clear that the displacement and tilt in the inertial coordinate frame will have the form
The presence of the 2X harmonic is evident in Eqs. ͑20͒ and ͑21͒. The magnitudes of coefficients A and C are the magnitudes of the 2X harmonic response, in the inertial frame, of the displacement and tilt, respectively. Equations ͑20͒ and ͑21͒ predict displacement and tilt responses which have circular shapes, having radii of ͉A͉, and ͉C͉, and are offset by B and D. It is important to note that due to the form of the assumed solutions ͓Eqs. ͑16͒ and ͑17͔͒, the resulting solutions ͓Eqs. ͑20͒ and ͑21͔͒ are limited to predicting only circular orbit shapes of the 2X component. Figures 4 show the predicted magnitude of the 2X tilt response, based on the global asymmetry crack model, as a function of shaft speed, for two speed ranges, and crack depths varying from 0 to 40% of the shaft diameter. The magnitudes plotted show the radii of the predicted circular 2X tilt responses. It is clear that for an arbitrary shaft speed, the amplitude of the 2X response is predicted to increase as the crack depth increases.
The magnitudes of the 2X component of the response plotted in Fig. 4͑a͒ are significantly smaller than those plotted in Fig. 4͑b͒ . The range of shaft speeds shown in Fig. 4͑b͒ contains 2X resonant speeds for each crack depth.
As predicted, the 2X resonant speeds decrease as the crack depth increases. The 2X resonance shaft speeds predicted based on this global asymmetry crack model forced response analysis are given in Table 2 . These predicted 2X resonance shaft speeds agree with the 2X resonance shaft speeds predicted in the global asymmetry model free response analysis, which are given in Table  1 . Since the 0% simulated crack depth results in a system with symmetric stiffness properties, no 2X resonance is predicted for the forced response analysis. Damping is light, thus numerically Tables 1 and 2 provide similar 2X results.
Local Asymmetry Crack Model
Perhaps the most important effect of the presence of a transverse crack in a rotating shaft is the highly localized flexibility that is introduced. To locally represent the stiffness properties of a cracked cross section in an otherwise uncracked shaft, it is necessary to determine the additional flexibility due to the presence of the crack, and incorporate this flexibility into a discrete representation of the system. In this study a transfer-matrix method was employed to accomplish this desired localizing effect. Figure 5 shows the cracked system represented by three lumped stiffness elements; ͓F 1 ͔, ͓F crack ͔, and ͓F 2 ͔, and one lumped inertia element ͓P͔. Since the mass of the shaft is significantly less than the mass of the rotor, the mass of the shaft is neglected.
The purpose of this section is to present the analytical portion of the analysis of the cracked system including a local asymmetry crack model using the complex extended transfer-matrix method ͓2,37͔ for free and forced response analyses, along with relevant results. As previously, damping effects will be incorporated into the forced response analysis.
Crack Flexibility.
The localized additional flexibility can be represented by a lumped parameter element. A section of a shaft containing a crack of depth a is shown, under general loading, in Fig. 6͑a͒ . Figure 6͑b͒ shows the cross section of the shaft section in Fig. 6͑a͒ at the location of the transverse crack. The generalized displacement u i in the i direction is obtained by utilizing Castigliano's theorem ͓21,30͔:
where P i is the generalized force associated with u i , and J(Y ), according to Tada, Paris, and Irwin ͓37͔, is the strain energy density function given by
where is Poisson's ratio, E is Young's Modulus, and K ni is the crack stress intensity factor for mode n due to P i . The stress intensity factors for a unit width strip containing a crack of depth ␣ are evaluated according to
where i are the stresses due to the load P i at the crack, F n (␣/h) are appropriate intensity functions, and h is the total strip length ͑see Fig. 6͑b͒͒ . The additional flexibility due to the crack for a unit width strip can be written as
which, after integration along the crack edge, becomes
The current analysis is not concerned with torsion or axial displacement, hence only c 22 , c 33 , c 44 , c 45 , c 54 , and c 55 are required. These elements are then given by 
where b ϭb/R, X ϭX/R, Ȳ ϭY /R, ␣ ϭ␣/R, and h ϭh/R. The corresponding intensity functions are given by
The additional flexibilities due to the presence of the crack may therefore be obtained by numerically integrating Eqs. ͑27͒-͑31͒. Dimensionless flexibilities can be obtained according to
where the overbar indicates the nondimensional value. These dimensionless flexibilities are plotted in Fig. 7 , for crack depths up to 50% of the shaft diameter. These local flexibilities may now be introduced appropriately into the discrete representation of the system.
Transfer Matrix.
The transfer-matrix method is a lumped parameter method in which inertial properties of the system are lumped into point matrices, and stiffness properties of the system are represented by lumped field matrices ͓2͔; both relate state vectors at the two ends of a shaft element. The state vector at station i, expressed in the rotating XY Z coordinate frame, is defined as
where u, , M, and V are the complex magnitudes of the displacement, tilt, moment, and shear force, respectively. 
The field matrix ͓F i ͔ has the form 
where l i is the length of the field, E is Young's modulus, and I is the area moment of inertia of the field cross section.
The Crack Matrix. The crack is represented by a field matrix which contains the additional flexibilities introduced by the presence of the crack. The crack field matrix ͓F crack ͔ has the form 
where the elements c i j are determined in Eqs. ͑27͒-͑36͒. Notably, in an uncracked shaft, aϭ0, c i j ϭ0, and ͓F crack ͔ϭ͓I͔.
The Point Matrix. The state vector at the right of the lumped mass at station i, ͕Z͖ i R , is related to the state vector at the left of the lumped mass at station i, ͕Z͖ i L , by the point matrix ͓ P i ͔:
The solution is sought in the rotating frame, XY Z, thus
where m is the rotor mass, I t and I p are the transverse and polar mass moments of inertia, respectively, n is the shaft speed, and 0 is the relative whirl frequency ͑see Eqs. ͑1͒ and ͑6͒͒.
The Overall Transfer Matrix. The overall transfer matrix for this system, ͓U͔, is constructed according to
The state at the support, ͕Z͖ support , is then related to the state at the right of the lumped mass ͕Z͖ 1 R by the following:
Undamped Free Response. Applying the clamped-free boundary conditions, which are no displacement or tilt at the support boundary and no shear or moment at the end of the shaft, to the overall transfer matrix expression given in Eq. ͑45͒ leads to the following relations:
where U i j are elements of the overall transfer matrix ͓U͔. By solving the standard eigenvalue problem for Eq. ͑46͒, four complex-conjugate pairs of eigenvalues result. The problem of assigning whirl directions to each of the four frequency magnitudes is identical to the previous discussion. To obtain the mode shape for a given eigenvalue, which is essentially the displacement and tilt portion of the state vector at the end of the shaft, it is convenient to label the 4ϫ4 matrices in Eqs. ͑46͒ and ͑47͒ as ͓Freq͔ and ͓Switch͔, respectively. From Eq. ͑47͒, the shear and moment portion of the state vector at the support is given by
Substituting this expression for
For each frequency magnitude, given by the four pairs of eigenvalues, Eq. ͑49͒ forms a linearly dependent system of equations. Solving this eigenvalue problem results in the corresponding mode shape, i.e., the vector ͕u X Y u Y X ͖ T . Once the eigenvalues and corresponding eigenvectors, or mode shapes, are determined, whirl directions are also assigned ͑see previous discussion͒ to each frequency, and the true natural frequencies are plotted versus shaft speed. Figure 8 shows the whirl frequencies as a function of shaft speed for crack depths ranging from 0 to 40% of the shaft diameter. The ''ϫ'' symbols along the horizontal axis indicate shaft speeds for which one or more of the eigenvalues has a positive real part, i.e., shaft speeds for which the response is unstable. As previously, two reference lines indicating critical speeds and ''2X resonance'' shaft speeds are also included in each figure. From this analysis, shaft speeds at which the 2X response is maximum can be predicted for various crack depths. Table 3 gives the predicted 2X resonance shaft speeds based on the local asymmetry crack model. The decrease in the 2X resonance shaft speeds indicates the decrease in the natural frequencies of the system resulting from the increased flexibility introduced by the presence of the crack. This free response analysis of the system containing the local asymmetry crack model indicates that a decrease in natural frequencies, which may be observed as a decrease in primary and secondary critical speeds, is a characteristic of the system response that can be directly attributed to the presence of a transverse crack.
Damped Forced Response. To account for a forcing function in the transfer-matrix method described above, the state vector and field and point matrices are extended to 9ϫ1 and 9ϫ9, respectively, similar to Ref. ͓2͔. Likewise, the point matrix for this local asymmetry model forced response analysis will be modified to include damping effects.
The state vector for station i now has the form
T . (50) The field matrices, including the crack matrix, are identical to those given in Eqs. ͑40͒ and ͑41͒ with an additional row and column of zeros, except for element ͑9,9͒, which is one unit. The damped forced response point matrix ͓ P i ͔ contains damping effects, and is given by
where ͓ P i ͔ is the 8ϫ8 point matrix given in Eq. ͑43͒, and ͓ P i ͔ is the 9ϫ9 matrix given by 
where d i j q ϭc eq i j q ϭ␤ k i j q /, and g is the acceleration due to gravity. This matrix contains the influence of internal damping and the forcing function. The overall transfer matrix is obtained by combining these 9ϫ9 field and point matrices as in Eqs. ͑44͒ and ͑45͒. Applying the clamped-free boundary conditions, which are no displacement or tilt at the support boundary and no shear or moment at the end of the shaft, results in the following relations for the forced response:
The vector ͕M Y ϪV X M X V Y ͖ T in Eq. ͑53͒ is obtained as the solution of a linearly independent system of equations. This solution is substituted into Eq. ͑54͒ and the forced response vector ͕u X Y u Y X ͖ T is obtained. Each element of the state vector is a complex number. The displacement in the X and Y directions, for example, are of the form
where the r and i subscripts denote real and imaginary components, respectively. The displacement in the X and Y directions, X and Y, will be given by
So, taking the real part of each,
Recalling that the point and field matrices were derived in the rotating coordinate frame XY Z,
It is desired to observe the results in a stationary coordinate frame. The transformation from the rotating XY Z coordinate frame to the inertial coordinate frame is given by
so, the displacement of the rotor expressed in the stationary coordinate frame is
Similarly, the tilt of the rotor expressed in the stationary coordinate frame is
It is clear from Eqs. ͑63͒ and ͑64͒ that the constant radial force of gravity acting on the cracked system results in a 2X harmonic response which is predicted by this analysis to have a circular shape. The predicted 2X circular tilt response has a radius of
The magnitude of the 2X tilt response is plotted as a function of shaft speed in Fig. 9 , shown separately for two low-and high-speed ranges, and for crack depths varying from 0 to 40% of the shaft diameter. It is clear that for an arbitrary shaft speed, the amplitude of the 2X response is predicted to increase as the crack depth increases. The range of shaft speeds shown contains 2X resonant speeds for each crack depth ͑Fig. 9͑b͒͒. As previously, the 2X resonant speeds decrease as the crack depth increases. The 2X resonance shaft speeds predicted based on this local asymmetry crack model forced response analysis are given in Table 4 . Since the 0% crack depth results in a system with symmetric stiffness properties, no 2X resonance is predicted for the forced response analysis. Damping is light ͑typical damping ratios are less than 1%, as experimentally found ͓35͔͒, thus numerically Tables 3 and 4 provide similar 2X results.
The amplitude of the 2X response at each 2X resonant speed is shown to increase in magnitude as the crack depth increases. The shaft speeds at which the 2X peaks occur decrease due to the reduced stiffness, which changes the system natural frequencies, resulting from the presence of the crack. The increased amplitude of the 2X component of the system response is due to the increased asymmetry as the crack depth increases. This forced response analysis of the system containing the local asymmetry crack model indicates that an increase in the amplitude of the 2X component of the system response, as well as a decrease in the shaft speed at which the 2X component of the response is maximum, are characteristics of the system response that may be directly attributed to the presence of a transverse shaft crack.
Conclusions
Two theoretical analyses have been presented to identify characteristics of the system response that may be directly attributed to the presence of a transverse crack in the shaft of the test rig system. Both the global and local asymmetry crack model analyses qualitatively predict response characteristics which have been experimentally observed in the response of a system containing a gaping crack.
The behavior of the 2X harmonic component of the system response is an effective target observation for a monitoring system. The predicted behaviors of the 2X harmonic component of the system response include an increase in magnitude for increasing crack depth as well as a decrease in the shaft speed at which the 2X harmonic component of the system response is maximum. The presence of a transverse shaft crack has also been shown to induce an unstable response for some shaft speeds. The detection of changes in the magnitude of the 2X harmonic component of the system response becomes much more difficult for shaft speeds which are greater than 2X resonance speeds. Frequency-sweep tests, which pass through 2X resonance shaft speeds, would provide the most useful information; however, observation of the magnitude of the 2X component could also provide crack diagnostic information.
This research utilizes a method to account for a shaft crack in the transfer-matrix method. By employing these transfer matrices, coupled systems that include shafts, seals, bearings, etc., can be systematically analyzed in a modular fashion ͓2͔.
The area moments of inertia, I, are calculated about the X and Y axes. For the uncracked case, the X and Y axes are also the neutral axes of bending.
The asymmetric stiffness relationships are obtained by calculating the appropriate asymmetric area moments of inertia and properly substituting them into the stiffness coefficients k i j above.
The cross section of the shaft at the location of the crack, which is shown in Fig. 10 , has asymmetric area moments of inertia about the neutral axes of bending which are parallel to the X and Y axes. To find the area moments of inertia about the neutral axes of bending, the parallel axis theorem was utilized. 
